ABSTRACT. Let D be a strongly J-pseudoconvex domain, with a connected boundary, in an almost complex manifold (M, J). We give a complete result on the equivalence between the Gromov hyperbolicity and the Kobayashi hyperbolicity (or equivalently the Brody hyperbolicity) of D.
INTRODUCTION
Complex Finsler geometry is an important branch of differential geometry, generalizing Hermitian geometry and carrying precious information on the geometry of the ambient complex manifold; its development goes back to the works of Carathéodory who introduced the Carathéodory pseudometric. The interest in complex Finsler geometry increased with the works of S.Kobayashi and his characterization of ample vector bundles, see [21] . We will focus in our paper on the Kobayashi metric, another well-known example of a complex Finsler pseudometric. One could refer to [22] for a presentation of complex hyperbolic spaces. When the integrated pseudodistance associated to that metric is a distance, the corresponding metric space is called Kobayashi hyperbolic and the complex manifold carrying the distance inherits complex dynamical properties particularly adapted to study spaces of holomorphic maps. If this is the case of any bounded domain in C n , curvature conditions on the boundary furnish information on the global behaviour of geodesics in the associated metric space, as in the celebrated paper of L.Lempert [23] for smooth strongly convex domains, or on their local boundary behaviour, as in [14, 17, 24] for strongly pseudoconvex domains.
Gromov hyperbolic spaces were introduced by M.Gromov [18] in the eighties as geodesic metric spaces in which geodesic triangles are thin. See for instance [7, 8, 11, 16] for different extensions of the theory. Although the two theories developed independently, the Kobayashi metric being restricted to complex geometry and the Gromov hyperbolicity having deep ramifications in group theory, it is quite natural to study their links in almost complex manifolds. The Poincaré half plane and as a generalization, the unit ball in C n , are famous examples of Kobayashi hyperbolic domains and of Gromov hyperbolic spaces. In Kobayashi hyperbolic spaces, under curvature conditions, real geodesics should behave quite similarly as in the Poincaré half space or in the unit ball of C n , and hence such metric spaces should enter the class of hyperbolic Gromov spaces. The first result in that direction was due to Z.Balogh and M.Bonk [2] for bounded strictly pseudoconvex domains in C n . Partial generalizations were obtained by F.Bertrand [4] and L.Blanc-Centi [6] . A different approach, linking the Kobayashi hyperbolicity and symplectic hyperbolicity, is proposed in [5] .
The aim of the paper is to prove the following general result on the equivalence between the Gromov hyperbolicity and the Kobayashi hyperbolicity (or equivalently the Brody hyperbolicity) of some almost complex manifolds, under curvature conditions. We first point out that a product of two strictly pseudoconvex domains is not Gromov hyperbolic, according to [2] . That result explains the curvature condition, namely the strict pseudoconvexity, imposed on the domain in Theorem 0.1. We also point out that the strict J-pseudoconvexity of the boundary ∂D of D does not ensure the Kobayashi hyperbolicity of (D, J). More precisely, one can prove that a relatively compact domain in an almost complex manifold (M, J), strictly J-pseudoconvex, is complete hyperbolic in the sense of Kobayashi if and only if it does not contain any Brody J-holomorphic curve (see, for instance, [20, 9] 
In the next Section we present the necessary preliminaries. In Section 2, we present the proof of Theorem 0.1 and of Corollary 0.3. In Section 3 we give the proof of Corollary 0.4.p ∈ M and v = 0 ∈ T p M . The boundary of a domain D is strictly J-pseudoconvex if at any point p ∈ ∂D there exists a smooth strictly J-plurisubharmonic function ρ defined in a neighborhood U of p in M satisfying ∇ρ = 0 on ∂D ∩ U and such that D ∩ U = {ρ < 0}. We say that a domain D = {ρ < 0} is a strictly J-pseudoconvex region in (M, J) if ρ is a smooth defining function of D, strictly J-plurisubharmonic in a neighborhood of D.
1.3. Hypersurfaces of contact type. Let (V, ω) be a symplectic manifold, namely ω is a closed, nondegenerate, skew symmetric 2-form on the smooth manifold V . Let Γ be a hypersurface contained in V . We say that Γ is of contact type if there is a vector field X, defined near Γ, transverse to Γ and pointing outwards, such that d(i(X)ω) = ω. The 1-form α = i(X)ω is a contact form on Γ and it defines a contact structure ζ = ker α on Γ.
1.4. The Kobayashi pseudometric. The existence of local pseudoholomorphic discs proved in [27] allows to define the Kobayashi pseudometric K (M,J) for p ∈ M and v ∈ T p M :
and its integrated pseudodistance d (M,J) :
, there are no Brody J-holomorphic curves, namely nonconstant J-holomorphic lines u : C → D, contained in D and thus D is Kobayashi hyperbolic.
Gromov hyperbolic spaces.
In this section we give some backgrounds about Gromov hyperbolic spaces. Let (X, d) be a metric space. The Gromov product of two points x, y ∈ X with respect to a base point ω ∈ X is defined by (x|y
The Gromov product measures the failure of the triangle inequality to be an equality and is always nonnegative. The metric space X is Gromov hyperbolic if there is a nonnegative constant δ such that for any x, y, z, ω ∈ X one has:
We point out that (1.1) can be also written as follows:
There is a family of metric spaces for which Gromov hyperbolicity may be defined by means of geodesic triangles. A metric space (X,d) is said to be geodesic space if any two distinct points x, y ∈ X can be joined by a geodesic segment, that is the image of an isometry γ :
for some x, y, z ∈ X. For a geodesic space (X, d), one may define equivalently (see [16] ) the Gromov hyperbolicity in term of geodesic triangles. The geodesic space X is Gromov hyperbolic if there is a nonnegative constant δ such that for any geodesic triangle
The canonical morphisms of Gromov hyperbolic spaces are the following:
be a map between two metric spaces. We say that (1) f is a rough isometry if there exist a positive constant c > 0 such that for every x, y ∈ X:
(2) f is a quasi-isometry if there exist two positive constants λ, c > 0 such that for every x, y ∈ X:
Naturally, we say that two spaces are roughly isometric (resp. quasi-isometric) if there exists a rough isometry (resp. quasi-isometry) between them. It can be easily shown that if (X, d) and (X ′ , d ′ ) are roughly isometric then (X, d) is Gromov hyperbolic if and only if (X ′ , d ′ ) is. In case we consider quasi-isometric spaces, the spaces need to be both geodesic. This is provided by the following theorem (see Theorem 12 p. 88 [16] ) which is crucial for us: Conversely if D does not contain any Brody J-holomorphic curve then (D, J) is Kobayashi hyperbolic. Indeed, assuming by contradiction that (D, J) is not Kobayashi hyperbolic we may construct on D a sequence of J-holomorphic discs with derivatives exploding at the centers. Since ∂D is strictly Jpseudoconvex, it follows from estimates of the Kobayashi infinitesimal pseudometric (see [15, 20] ) that such discs do not approach the boundary ∂D of D. Hence by a renormalization process we construct a Brody curve contained in D, which is a contradiction.
The complex tangent space of ∂D is by definition T J ∂D := T ∂D ∩ J∂D. Since ∂D is strictly Jpseudoconvex, the complex tangent space T J ∂D is a contact structure. More precisely, let ρ be a strictly J-plurisubharmonic function defined in a neighborhood U of ∂D and such that ∂D = {ρ = 0}, D ∩ U = {ρ < 0}. Consider the one-form d c J ρ and let α be its restriction to the tangent bundle T ∂D. It follows that T J ∂D = Kerα. Due to the strict J-plurisubharmonicity of ρ, the two-form ω := dd c J ρ is a symplectic form on U that tames J, T J ∂D is a contact structure and α is a contact form for T J ∂D. Consequently and since the boundary ∂D of D is connected, a theorem due to Chow [10] states that any two points in ∂D may be connected by a C 1 horizontal curve, i.e. a curve γ : [0, 1] → ∂D satisfying γ ′ (s) ∈ T J γ(s) ∂D for every s ∈ [0, 1]. This allows to define the Carnot-Carathéodory metric as follows (see [3, 19] ) :
In the Euclidean case (R 2n , J), the natural idea of Z.M.Balogh and M.Bonk to prove the Gromov hyperbolicity of D endowed with the Kobayashi distance d (D,Jst) is to construct a metric on D, based on the Carnot-Carathéodory metric, which satisfies (1.2) and which is quasi-isometric to d (D,Jst) (see [1] , [2] ).
We first equip M with an arbitrary smooth Riemannian metric and we denote by dist the associated distance. For p ∈ D we define a boundary projection (multivalued) map π : D → ∂D by δ(p) = dist(p, π(p)) = dist(p, ∂D). Notice that the map π is uniquely determined near the boundary. Set N ε (∂D) := {q ∈ D, δ(q) ≤ ε} where ε is such that π is uniquely defined on N ε (∂D), and define the height of p by h(p) := δ(p). Then we define a metric g : D × D → [0, +∞) by:
for p, q ∈ D (see [2] ). It is important to notice that different choices of a Riemannian metric and of a projection π give a different metric that coincides with g up to an additive constant. Since we are dealing with rough and quasi-isometries, that will not disturb our results. It was proved by Z.M.Balogh and M.Bonk [2] that the metric g satisfies (1.2) and thus that the metric space (D, g) is Gromov hyperbolic. However the space (D, g) is not geodesic. In order to construct a geodesic Gromov hyperbolic metric space, we need to perturb the metric g. Following [6] we construct a new metric d as follows. For p (resp. q) in D let p ε (resp. q ε ) be the point on the fiber π −1 (π(p)) (resp. π −1 (π(q))) with height √ ε and let l g (γ) := sup 0=t 0 <t 1 <···<tn=1 n i=1 g(γ(t i−1 ), γ(t i )). Then we define d(p, q) by :
In case (M, J) = (R 2n , J), L.Blanc-Centi [6] proved that the metric space (D, d) is roughly isometric to (D, g) and thus Gromov hyperbolic and that moreover (D, d) is geodesic. The arguments used in [6] remain valid for domains in an almost complex manifold. Thus
Proposition 2.1. The metric space (D, d) is geodesic and Gromov hyperbolic.
The proof follows essentially the proof given by L.Blanc-Centi in [6] . For sake of completeness, we include the key points of the proof.
Proof of Proposition 2.1. We first notice that (D, g) and (D, d) are roughly isometric. It is sufficient to prove that these spaces are roughly isometric near the boundary, namely that there exists a positive constant C > 0 such that g(p, q) − c ≤ d(p, q) ≤ g(p, q) + c for all p, q ∈ N ε (∂D). This is obtained by considering different positions of p, q and by studying normal and horizontal curves. Normal curves are purely local objects since points considered belong to N ε (∂D) and have the same boundary projection (see Lemma 1 in [6] ). Horizontal curves joining two points p, q ∈ N ε (∂D) with same height h(p) = h(q) are defined as follows: since (∂D, d H ) is geodesic, we consider a geodesic curve α in ∂D joining π(p) and π(q). For each t, we consider the point γ(t) ∈ N ε (∂D) in the fiber π −1 (α(t)) with height h(p) = h(q). Then γ defines a smooth horizontal curve in N ε (∂D). These two kinds of curves being defined for manifolds the proof that (D, g) and (D, d) are roughly isometric is then given by [6] . And since (D, g) is Gromov hyperbolic, we obtain the Gromov hyperbolicity of the metric space (D, d) .
The proof that (D, d) is geodesic is achieved by studying different positions of two points p, q ∈ D. However, according to the definition of the metric d, it reduces to two cases: p, q ∈ D \ N ε (∂D) satisfying π(p) = π(q) and p, q ∈ N ε (∂D). If p, q ∈ D \ N ε (∂D) and satisfy π(p) = π(q), then d coincides with the metric dist induced by a Riemannian metric. Since (D \ N ε (∂D), dist) is compact, it is complete and thus according to the Hopf-Rinow Theorem, it is geodesic. In case p, q ∈ N ε (∂D), the existence of a geodesic curve provided by [6] in the Euclidean case (R 2n , J) (see Lemma 4 [6] ) remains valid in the case of any almost complex manifold. The space (D, d) being geodesic and Gromov hyperbolic, it remains to show that the metric space (D, d (D,J) ) is geodesic and quasi-isometric to (D, d). According to Z.M.Balogh and M.Bonk [2] , this reduces to considering estimates for the Kobayashi metric K (D,J) near the boundary of D. In the case of almost complex manifolds, we will use the following precise estimates of the Kobayashi metric obtained in [15] : Theorem 2.3. let D ′ = {ρ < 0} be a relatively compact strictly J-pseudoconvex region in an almost complex manifold (M, J). Then there exists a positive constant C such that :
for every p ∈ D ′ and every v ∈ T p M .
As a classical consequence of the lower estimate of the Kobayashi metric in (2.1), we obtain the completeness of the metric space (D, d (D,J) ), which implies, by the Hopf-Rinow Theorem, that (D, d (D,J) ) is geodesic. Based on sharp estimates provided by D.Ma [24] , Z.M.Balogh and M.Bonk [2] proved that the Kobayashi distance of a bounded strictly J st -pseudoconvex domain in R 2n is roughly similar to the metric g. It is important to notice that their proof is purely metric and does not use any complex geometry or complex analysis arguments. In particular, following their proof and replacing the estimates provided by [24] by the estimates (2.1), we obtain that 2.2. Proof of Corollary 0.3. Since ω |ζ is nondegenerate, there exists an almost complex structure J defined on a neighborhood of ∂D and tamed by ω, such that ζ is J-invariant and dα(v, Jv) > 0 for all non-zero v ∈ ζ. Let ρ : V → R is a smooth function such that ∂D = ρ −1 (0) and dρ(X) > 0 where X is given by Subsection 1.3. Then for v ∈ ζ we have Jv ∈ ζ and Kerd c J ρ |∂D = Kerα |∂D . This implies that there is a positive function µ defined near ∂D such that dd c J ρ = µdα on ζ (see [25] Lemma 2.4). In particular ∂D is strictly J-pseudoconvex. Since ∂D is connected, we may apply Theorem 0.1 to conclude the proof of Corollary 0.3.
RELATIVELY COMPACT STRICTLY J -PSEUDOCONVEX REGIONS
We focus now on the proof of Corollary 0.4. Applying Theorem 0.1 this reduces to proving the connectedness of ∂D. The proof of Lemma 3.1 is based on the Morse theory and more precisely on the fact that, considering a domain defined by a Morse function, namely a smooth function which Hessian is non-degenerate at its critical points, a change in its topology can only occur at critical points (see [26] for more details). We first need the following version of the Morse Lemma: 
where a j = ±1. In particular the Morse index of a critical point is smaller than n.
Proof of Lemma 3.2. Let p be a critical point of ρ. We use a normalization due to K.Diederich and A.Sukhov (see Lemma 3.2 and Proposition 3.5 in [13] ). In the associated coordinate system centered at p = 0, the Levi forms of ρ at the origin with respect to J st and J coincide. In particular ρ is strictly J st -plurisubharmonic at the origin. Then
where A = (a ij ) and B = (b ij ) are respectively Hermitian and symmetric matrices. Applying a linear transformation, we can reduce A to the identity A = I n . Moreover we can make a unitary transformation z → U z preserving n j=1 |z j | 2 and changing the matrix B into a diagonal matrix U t BU with nonnegative elements (see Lemma 7.2 of [12] ). Then the expression of ρ reduces to
where α j ≥ 0 for j = 1, . . . , n. This gives (3.1).
Proof of Lemma 3.1. After a small perturbation of ρ that does not change the strict J-plurisubharmonicity, we can assume that ρ is a Morse function and that, moreover, every critical set contains only one critical point. It follows that ρ has a finite number of critical points. Now, assume that the boundary ∂D = {ρ = 0} of D has m ≥ 2 connected components. The main point of the Morse theory is that the topology of D ∩ {ρ ≥ −t} for t ≥ 0 changes only at a critical level set. Denote by −c 1 ≥ −c 2 ≥ · · · ≥ −c r the real numbers for which critical level sets of ρ occur, and denote by p i ∈ {ρ = −c i }, i = 1, . . . , r, the critical points of ρ. According to Lemma 3.2, the Morse index k i of p i satisfies 0 ≤ k i ≤ n for i = 1, · · · r − 1 and since the domain D is relatively compact then k r = 0. We need to describe locally the topology of D in a neighborhood of a critical level set. Let p i be a critical point of Morse index 2 ≤ k i ≤ n. In a coordinate system centered at p i given by Lemma 3.2, ρ can be written with at least two negative coefficients, say a j 1 and a j 2 . Since {ρ = −c i + ε} ∩ {y 1 = y 2 = · · · = y n = 0} is a perturbation of a n-sphere, it follows that locally the level set {ρ = −c i + ε} for small positive ε > 0 is connected. Moreover in the plane span{y j 1 , y j 2 }, the level set {ρ = −c i − ε} is a perturbation of a circle, and thus locally {ρ = −c i − ε} for small positive ε > 0 is connected. Let p i be a critical point of ρ of Morse index 1. It follows that in a coordinate system centered at p i provided by Lemma 3.2 ρ has the form ρ(z) = −c i + for some j 0 . Locally the level set {ρ = −c i + ε} is connected whereas {ρ = −c i − ε} is not. and so locally the level set {ρ = −c i + ε} is connected and {ρ = −c i − ε} is empty. This implies that starting with D ∩{ρ ≥ −ε} with m ≥ 2 connected components for ε > 0 small enough, the number of connected components of D ∩ {ρ ≥ −t} cannot decrease when t → −c r , contradicting the fact that level sets nearby {ρ = −c r } are connected.
